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ABSTRACT

The 1D system composed of large and small particles (graupel, hailstones or soft hail and ice crystals) and at-
mospheric ions has been investigated. For each collision between particles, charge transfer occurs. The amount
of charge per collision and collision rate are random processes. Mutual forcing of such random events forms a
charge spectra. The equationsfor collision integrals have been derived. On the basis of equations for distribution
functions hydrodynamics approach has been proved. Also coagulation processes of crystals and graupel have been
taken into consideration. The mean value and dispersion for stationary Gaussian spectra have been deduced. It has
been shown that total stationary dispersion is much larger than the dispersion of charge per one collision.

INTRODUCTION and PROBLEM STATEMENT

A problem of charge distribution and charge fluctuations on cloud particles is principal for cloud electrification
analysis, particularly for the grounding of electrohydrodynamic equations of charging widely used for charging
process description. A multi-flow 1D system composed of cloud particles with bimodal size distribution (large
graupel and small ice crystals with a fixed size) and air ions, under external electric (E) and gravity (g) fields
have been examined. Charges of ice crystals and graupel vary in time and space. Due to the difference of mean
velocities, particles of different sorts collide with each other. For each collision between ice and hail particle, an
ice crystal acquires the charge §¢ while a hail particle acquires the opposite charge-dq. Here

dg=C(—aq+BQ, D

¢ is the random quantity with a given mean value dgq, and the dispersion D.; ¢ and @ are the particles charges
before an interaction, a , 8 are the constants depending on particle capacitance, conductivity and time of contact.

Thechain of colliding eventsis considered asthe Markov process[1]. Magnitudeand sign of dq o are determined by
many parameters: external electric field (so called inductive charging), time contact, air temperature and humidity,

particle’s conductivity and elasticity, their melting (for ice particles), differential velocity U, see[2-5]. Dispersion

of ¢ istheresult of three main reasons. random contact angle, random shape of ice crystal and hailstone surfaces

and gas flow fluctuations. The distribution of ¢ is supposed to be normal.

Let f(g)Aq and F(Q)AQ are numbers of small and large particles at the intervals Ag and AQ. Then equations
for distribution functions f and F' can be written as:

L — (o v1a)e 5 = 0Fh +{0F).. @)

The left part of equations contains sum of ionic and dust collision integrals. Unless otherwise stated f and F' are
normalizedto 1: [ fdg =1, [ FdQ = 1.

KINETIC EQUATIONS of CHARGING

To deduce ionic collision integral let us consider an area of f as it has been shown in Fig.1.a). Probabilities of
transition are

Pyp(z —1) = v (z — 1)At, Py(z) = 74 (2)At, P_(z + 1) = y_(z + 1)At, P_(z) = y_(z)At, (3)
wherez = g/e, v are effectiveion charging frequencies. So, the f increment is

Af(x)=Pi(z-1)f(z—1)+ P_(z +1)f(z + 1) — (Pr(2) + P_(z)) f(2). 4
Substituting it to (4) produces awell-known result:

{0ifY =@ =D f(z =) +7-(z+ Df(x +1) = f(2) (74 (2) + 7-(2)). ©®)



It can be moved to partial derivative equation of the infinite order. Using Fokker-Plank assumption, the equation
((5)) turnsto the second order one:

{oftim fO =)+ (- =+ =)+ (v -+ =) (6)

when we suppose v+ (x) rather smooth function and leave only thefirst derivative on it. The other steps depend on
structure of v (x). For small electric field it is determined by ionic diffusion, see[6],[7]:
Vit T - - T
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wherev;y = 4no;, 0,4+ ision conductivity, - = RT;/e? isthe effective thermal charge (in electron charges, e),
R isthe mean cloud particle radius, T'; isions temperature in energy units. Further it will be assumed that charge
per one collision is relatively large, dqo/e > 7, and al calculation will be performed at the areaz > z 7. It
simplifies collision integral calculation and the last can be written as:

{0cf}i m vi+0.(f(x)x) (8)

Such approach gives Dirac-type stationary distribution f (x) ~ §(z) likeinacaseT; — 0. Positivesignin (8) is
for negatively charged particle, negative for positive one.
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Figure 1: Probabilities of charge transitions due to particle-ions interaction Fig 1.8). Approximate diagram of
ice-graupel interactions.

For particle collisionintegral, probabilities of transitionsfor atime At are expressed out through collision frequen-
cies.

Ps(q —0q") = vy(q — 0q")At, P5(q) = v4(q)At, ©)
where ¢’ is the charge acquired by ice crystal for one collision with the graupel. It isimportant that 6¢" # dq,
since ¢ and () need to be taken before collision event. Substituting ¢ — d¢’ against ¢ and changing dq to d¢’ gives:

Sa — dq  (—aqg+pBQ
q .

T 1-a l1—«

(10)



Alsoit is necessary to take into account that A, # A} . Thefollowing definition is valid for 6¢" asit is seen from
Fig. L.

dq
5q":5q'—|—Aq—A;:m+Aq—A;, (11)
but on the other hand 5
5q" = ¢ —alg—dq +Al) + BQ = ﬁ—w;. (12)
Substituting it to (11) determines A :
A
I __ q
A = o (13)

Changing of particles number, df (¢)A ,, for thetime At is determined by equation:

@A, = aifa; [ / (=09 (1200 pg(Qragdc — M) f@), (19

11—«
where g(¢) isthedistribution function for ¢. Hereit is taken into consideration that

C—aq+m2_q—C—BQ_

11—« h 11—«

q—0og=q-—

Integration in (14) is performed over al range of g(¢), F(Q). The same procedure of deduction (14) can be
performed for large graupel to obtain equation for F'(Q)). So the full system of equations with ionic integrals and
neglecting coagulation be asfollows:

A // (529 5 (5 rutodadc - v st 09)

dq l—a 11—«
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whereitisset v;. = v;— = v; otherwisg, it is needed to split each spectrafor positive and negative charges.

In practical manner,it is important to analyze F'(Q) and f(q) when ice crystal has nonzero probability, P, to
adhere with graupel. Here and after P, is a constant value, although there are no principal difficultiesin extending
consideration to amore general case: P, = P,(q,Q,d, D).

Let us assume that a source for neutral ice crystals exists, 1,,0(q), see Fig.1. Then ice concentration, n, can reach
a stationary value ng. Asit is seen in Fig.1, change of f(q) at the interval A, is aresult of ice crystals income
fromtheinterval ¢ — 3¢’ + Aj, (but multiplyingon 1 — P,), particles outcometo interval ¢ + d¢ (with probability
(1 — P,)Ps) and their adhesion with probability P, Ps. Also we need to integrate the probability of income over
all charge spectra of the graupel. It gives us an equation for f.:

df _ a(er) 1-PF, - (- pQ
E =V g + SU 1~ //fr( 1—o > (Q) (C)deC qur: (17)

where S, U are the collision cross section and difference of cloud particles velocities, f,., F,. are distribution
functions with a new norm:

/ fodg =n, / FdQ = N, / fradq = g, / FQdQ = pg (18)
For F). we need to consider transitions from @) — ¢ (with probability P,) and integrate over al ice crystals spectra:
dF, _ 9(F.Q) Q+C
L= 2D syl =T / / (5 ) 11 (0)()dadc+ (19)
+SUP, / (¢)dq — SUn(t)F,

HYDRODYNAMIC EQUATIONS of CHARGING

Direct integration (15) - (16) over the spectra gives a conservation law for cloud particles number: n = const,
N = const. To get hydrodynamic (HD) equations, we just need to make standard procedure to system (15) - (16):
Jq-(15)dgand [ Q- (16)dQ. It yieldsasystem:

dQo

—(aks + 1)qo + k16go0 + k18Qo; e —(Bk2 + 1)Qo — k20q0 + k201q0, (20)

dqo _
dr



wherer = tv;, k1 = vy /v;, ks = vg/vi, ko = 1 + k1 + k2. Theequivalent system for charge density is:

d
Bo = T v+ avy) + Brgpa (20
d
LL = —J— (i + Bro) +avypy, (22)

whereJ = 6qoSUNn isthe charging current. The equations above have been used in [8] for instability analyses
of 1D quasi-electrostatic waves in 4-flow system with external electric field. Stationary charge densities can be
expressed as p, = —pg = J/vr that is a consequence of equal ion conductivities: o ;. = o;_. Stationary charges
aresimply:

14 U,
do = 5(10—(1, Qo = 5(]0—Q, (23)
VR VR
wherevr = v; + av, + Brg isthe characteristic dissipation time.

When viewed coagul ation, HD equations have been derived from the system (17)-(19). The conservation principle
yidds: N = const, dn/dt = I, — P,v,n. It isevident that the rate of concentration set is determined by time
T = 1/(P,vy), Stationary state, ng, issimply 7,,1,,. The equationsfor p,, po areasfollows:

d
% = J(1 = P.) = py(vi +vya(l = Po)) + prB(l — Pu) — pgvy Pa; (24)
d
% = —J(1=P.) = pqi +veB(l— P.)) + pgvga(l — Pu) + pgvyPa, (25)

wherevg = vg(t), sSincevg = SUn(t). Thefull stationary charge densities are:

_ ‘](1 _Pa)
PR = VR = Po) + (vg + v1)Pa

Pqg = — (26)

APPROXIMATE GAUSSIAN SOLUTIONS

The simplest case is stationary spectra which looks like a Gaussian one. To obtain dispersions (mean values, ¢,
Qo have been derived above) we need to multiply equations (15), (16) to ¢ 2 and Q2 respectively. After integrations
over all spectraand simple transformations we obtain:

5a2
D¢+ 32 b _p kel+ak
k() + 2aﬂk1k2 — a2k1(1 + ﬂkz) — ﬂzkz(l + akl)’ Q= qkl 1 + ﬂkg ’

D, = ki (1 + Bky) (27)
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